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Abstract. James [20] introduced uniform covering maps as an analog of cov- 
ering maps in the topological category. Subsequently Berestovskii and Plant 
[3] introduced a theory of covers for uniform spaces generalizing their results 
for topological groups [l]-[2]. Their main concepts are discrete actions and 
pro-discrete actions, respectively. In case of pro-discrete actions Berestovskii 
and Plant provided an analog of the universal covering space and their theory 
works well for the so-called coverable spaces. As will be seen in Section [T] 
[3] generalizes only regular covering maps in topology and pro-discrete actions 
may not be preserved by compositions. 

In this paper we redefine the uniform covering maps and we generalize 
pro-discrete actions using Rips complexes and the chain lifting property. We 
expand the concept of generalized paths of Krasinkiewicz and Mine I21| . One 
way to do it is by embedding X in a space with good local properties and this 
is done in Section [6] Another way is by systematic use of Rips complexes. In 
the topological category one uses paths in X originating from a base point to 
construct the universal covering space X . We use paths in Rips complexes and 
their homotopy classes possess a natural uniform structure, a generalization 
of the basic topology on X. Applying Rips complexes leads to a natural class 
of uniform spaces for which our theory of covering maps works as well as the 
classical one, namely the class of uniformly joinable spaces. In the case of 
metric continua (compact and connected metric spaces) that class is identical 
with pointed 1-movable spaces, a well-understood class of spaces introduced 
by shape theorists (see [9] or [24]). The class of pointed 1-movable continua 
contains all planar subcontinua (examples: Hawaiian Earring and the suspen- 
sion of the Cantor set) and is preserved by continuous maps. The most notable 
continuum not being pointed 1-movable is the dyadic solenoid. As an applica- 
tion of our results we present an exposition in [T] of Prajs' |30) homogeneous 
curve that is path-connected but not locally connected. 
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1. Introduction 

The aim of this paper is to develop a theory of covering maps in the uniform cat- 
egory via generalizations of the classical construction of universal covering spaces. 
For basic facts on uniform spaces we refer to [TH] or [50] . 

In Section [5] we provide an analog of covering maps in topology adopted for the 
uniform category. Our definition uses local structure of the base space just as it 
does in topology. However, we provide a characterization of uniform covering maps 
via chain lifting property and that characterization is later on expanded to define 
generalized uniform covering maps. 

How to construct universal covering space for uniform spaces X with good lo- 
cal properties (the so-called uniform Poincare spaces)? Let us recall briefly the 
construction of a simple topology (used in [STJ p. 82], [18l p. 253], [M], [6], and 
[8]) on the space X, the space of homotopy classes (rel.endpoints) of paths in X 
originating from the base-point a;o. First, one defines sets B{[a],U) (denoted by 
< a, J7 > on p. 82 in [31]), where U is open in X, a joins xq and a(l) £ [/ as follows: 
[(3] £ B{[a\,U) if and only if there is a path 7 in [/ from a{l) to /3(1) such that 
(3 ^ a*^. 

X equipped with the topology (which we call the basic topology on X) whose 
basis consists of B{[a],U), where U is open in X, a joins xo and a(l) e J7 is 
denoted by X as in [4]. 

It turns out, for uniform spaces X, the space X has a natural uniform structure 
that generalizes the basic topology and we provide natural analogs of classical 
results for uniform Poincare spaces. 

How to deal with spaces X whose local structure is complicated (example: the 
Topologist Sine Curve)? Spaces like that may not be path-connected resulting in 
the projection X ^ X not being surjective. The geometrical answer is to use 
paths in neighborhoods of X. That leads to the concept of a generalized path 
introduced by Krasinkiewicz-Minc [21]. We generalize that concept to embeddings 
of X in a space T with good local properties in Section [Gj The resulting space 
GPtIX, xq) of generalized paths has a natural uniform structure mimicking that of 
X. The advantage of embeddings is that many natural spaces are defined that way 
and we may apply shape-theoretical results. The disadvantage of defining universal 
covering spaces using only embeddings is that one has to show independence of the 
construction on the embedding. That is why Rips complexes are useful. In Section 
|3]we apply Rips complexes to define an abstract space GP{X,xo) of generalized 
uniform paths equipped with a natural uniform structure so that the end-point 
map TTx ■ GP{X, xq) ^ X is uniformly continuous. As the defining characteristic 
of covering maps we use the Unique Path Lifts Property of any topological cover: 
/: X — > y is declared a generalized uniform covering map (see Section [5]) if 
it has lifting and approximate uniqueness of lifts properties for both chains and 
generalized uniform paths. The meaning of our definition is that not only we want 
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the Unique Generalized Path Lifting Property but the hfting function ought to be 
a morphism in the uniform category. 

What is the largest class of spaces for which that definition ought to work? The 
answer is quite simple: it is the class of uniformly joinable spaces X that may 
be characterized by the requirement of ttx- GP{X, xq) —>■ X being a generalized 
uniform covering map. It turns out that particular class (in case of metric continua) 
coincides with the class of joinable continua studied by Krasinkiewicz and Mine [21j . 

In Section [7] we relate our construction to that of Berestovskii and Plaut [3] . 

We are grateful to Conrad Plaut for a series of lectures on his work with Berestovskii. 
We thank Misha Levin for suggesting to provide an exposition of J.Prajs' [30] ex- 
ample of a homogeneous curve P that is path-connected but not locally connected 
(see H). 

2. Uniform covering maps 

We will discuss exclusively symmetric subsets E oi X xX (that means {x, y) G E 
implies {y,x) G E) and the natural notation here (see [28]) is to use f{E) for the 
set of pairs {f{x),f{y)), where f : X ^ Y is a. function. Similarly, f~^{E) is the 
set of pairs (a;, y) so that (/(a;), /(y)) ^ E li f: X and E CY Y.Y. 

The ball B{x, E) at x of radius E is the set of all y e X satisfying (x, y) G E. 

A uniform structure on X is a family 8 of symmetric subsets E of X x X 
(called entourages) that contain the diagonal oi X x X, form a filter (that means 
ElC^E2(^ £ Ei,E2 G f and i^i G £: if F2 G £: and F2 C i^i), and every d € £ 
admits G G £ so that C Gi (G^ consists of pairs {x,z) e X x X so that there 
is y € X satisfying [x, y) G G and (y, z) G G). A base of a uniform structure £ 
is a subfamily ^ of f so that for every entourage E there is a subset F G T oi E. 

Given a decomposition of a uniform space X the most pressing issue is if it 
induces a natural uniform structure on the decomposition space. James |201 2.13 
on p. 24] has a concept of weakly compatible relation to address that issue. For the 
purpose of this paper we need a different approach. 

Definition 2.1. Suppose f : X ^ Y is a. surjective function from a uniform space 
X. f generates a uniform structure on Y if the family f{E), E an entourage 
of X, is a base of a uniform structure on Y (that particular uniform structure on 
Y is said to be generated by /). Equivalently, for each entourage E oi X there 
is an entourage F oi X such that f{FY C f{E). 

Notice / : X — > y is uniformly continuous if both X and Y are uniform spaces 
and the uniform structure on Y is generated by /. Indeed E C f~^{f{E)) for any 
entourage E oi X. 

Uniform covering maps were defined by James [201 p. 112]. In this section we 
redefine that concept using Rips complexes and we provide a characterization of 
uniform covering maps in terms of chain lifting. That characterization will be very 
useful when generalizing uniform covering maps in Section [5j 

The definition of a Rips complex for uniform structures is a straightforward 
generalization of Rips complexes [HI Chapter 4] for metric spaces. 

Definition 2.2. Let X be a set. Given a symmetric subset E oi X x X containing 
the diagonal define the Rips complex R{X, E) as the subcomplex of the full 
complex over X whose simplices are finite subsets F = {xi, . . . , a;„} of X so that 
F X F CE. 



4 



N. BRODSKIY, J. DYDAK, B. LABUZ, AND A. MITRA 



Notice E containing the diagonal oi X x X ensures the set of vertices of R{X, E) 
coincides with X. 

Given f : X and an entourage E of X notice it induces a natural simplicial 

n n 

map fE : R{X, E) ^ R{Y, J{E)) by the formula /^(^ t, ■x,)=J2U- f{x^). 

1=1 1=1 

Our goal is to study homotopy classes of paths in R{X, E) joining two of its 
vertices. Since the identity function Km, K a simplicial complex, from K 

equipped with the CW (weak) topology to K equipped with the metric topology is a 
homotopy equivalence (see [24l page 302]), it does not really matter which topology 
we choose for R{X,E). For simplicity (and to be able to use [3T1 Corollary 17 on 
p. 138]), let it be the weak topology. 

The simplest path in R{X,E) is the edge-path e{x,y) starting from x and 
ending at y so that (x, y) G E. 

Any path in R{X, E) joining two vertices x and y can be realized, up to homotopy 
(see [SI] Section 3.4]), as a concatenation of edge-paths. Thus, each path in R{X, E) 
can be realized by an _E-chain xi — x, . . . , Xn = y such that {xi,Xi+i) 6 E for 
all i < n. Two paths in R{X, E) represented by different £^-chains with the same 
end-points are homotopic rel. end-points if and only if one can move from one chain 
to the other by simplicial homotopies: a new vertex v can be added or removed 
from a chain if and only if v forms a simplex in R{X, E) with adjacent links of a 
chain (see [3T1 Section 3.6]). 

Here is our definition of covering maps in the uniform category using Rips com- 
plexes. We call a simplicial map a simplicial covering map if it is a topological 
cover. 

Definition 2.3. Let X and Y be uniform spaces, f : X ^Y \s& uniform cover- 
ing map if it generates the uniform structure on Y and the family £ of entourages E 
of X such that the induced map Je '■ R{X, E) — > R{Y, f{E)) is a simplicial covering 
map forms a base of the uniform structure of X . 

Let us characterize uniform covering maps in terms analogous to classical topo- 
logical covering maps. 

Definition 2.4. Let f : X -^Y he a. map of sets. A symmetric subset E of X x X 
evenly covers J{E) if B{x, E) is mapped by / bijectively onto B{f{x), f{E)) for 
ah X e X. 

Lemma 2.5. Suppose f : X ^Y is a function of uniform spaces and the uniform 
structure on Y is generated by f . f : X —> Y is a uniform covering map if and only 
if X has a base of entourages E that evenly cover f{E). 

Proof. Suppose : R{X,E) RiY,f{E)) is a simplicial covering map. If 
{x,y),{x,z) G E and f{y) — f{z), then the edge-path e{f{x),f{y)) can be lifted 
starting from x in two different ways unless y = z. That means B{x,E) is mapped 
by / injectively into B{f{x),f{E)) for all x e X. If {f{x),y) £ f{E) we can lift 
the edge e(/(x), y) to an edge e(x, z) in i?(X, E). Thus f{z) — y and (x, z) e E. 

Suppose B{x,E) is mapped by / bijectively onto B{f{x),f{E)) for all x £ X. 
Assume E^ C F and F covers evenly f{F). Given x € X and given a simplex A in 
R{Y, f{E)) containing f{x) there is a unique lift A' of A containing x. Indeed, we 
can lift each edge of A emanating from f{x) and the endpoints of lifts (together with 
x) form a lift A'. If [f{x),yi] and [/(a:), 2/2] are two edges of A that lift to [x,xi\ 
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and [x, X2] respectively then there is an edge [xi, z] of R{X, E) with f{z) — j/2- Now 
X2, z G B{xi, F) so X2 = z. Thus every open star of a vertex in R{Y, f{E)) has the 
point inverse of the form of the disjoint union of open stars of vertices in R{X, E) 
and /e restricts to a homeomorphism on each of those open stars. In other words, 
/e is a topological cover. □ 
To show how 12.31 relates to uniform covering maps of James [20l p. 112] let us 
define one of the main concepts of the paper. 

Definition 2.6. A surjective function f: X Y from a uniform space X has tiie 
ciiain lifting property if for any entourage E oi X there is an entourage F of 
X such that any /(i^)-chain in Y starting from f{xo) can be lifted to an .E-chain 
starting from xq. 

A function f : X Y from a uniform space X has the uniqueness of chain 
lifts property if for every entourage E oi X there is an entourage F oi X such 
that any two F-chains a and P satisfying /(a) = f{f3) are equal if they originate 
from the same point. 

Notice the chain lifting property is stronger than generating a uniform structure 
on the range (see 12. 9|) . 

James (101 P-13] defined the concept of an entourage being transverse to an 
equivalence relation. In the same way one can define an entourage to be transverse 
to a function. 

Definition 2.7. Let X be a uniform space and F be a set. An entourage E oi X 
is transverse to f : X ^ Y ii {x,y) ^ E and f{x) — f{y) implies x = y. 

Proposition 2.8. f : X ^ Y has the uniqueness of chain lifts property if and only 
if f has a transverse entourage. 

Proof. Suppose E is an entourage of X and F C E is chosen so that F^ is 
transverse to /. Given two different F-chains a — {xq, . . . , x„} and /3 — {yo, . . . , y„} 
of X originating from xo such that /(a) — /(/3) choose the smallest i satisfying 
Xi ^ yi. Notice {xi, yi) £ as Xi-i = yi~i- Hence Xi = yi (as F^ is transverse to 
/), a contradiction. 

If / has the uniqueness of chain lifts property, pick an entourage Fp C X x X so 
that any two Fp-chains a and /3 are equal provided f{a) — f{/3) and their origins 
are the same. If f{x) = f{y) and {x, y) S Fg, then put a — {x, y} and (3 — {x, x}. 
Observe f[a) — f{(3)- Hence a — (3 and Fq is transverse to /. □ 

Here is the relation of chain lifting property to the concept of uniform openness 
used by James [20l Definition 1.12, p. 10]. 

Proposition 2.9. Suppose f:X^Yisa surjective function from a uniform space 
X to a set Y . 

a. IfY has a uniform structure making f uniformly open, then f has the chain 
lifting property. 

b. // / has the chain lifting property, then f generates a uniform structure on 
Y making f uniformly open. 

Proof, a. / being uniformly open means existence, for each entourage D of X, 
of an entourage F of F such that B{f{x),E) C f{B{x,D)). That condition says 
any pair {y, z) E E lifts to {x,t) S F if y = f{x). Hence any F-chain in Y lifts to 
a Z?-chain in X. Choose an entourage F of X satisfying /(F) C F and notice any 
/(F)-chain lifts to a F-chain. 
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b. Suppose / has the chain Ufting property. Fhst, we need to show the family 
{f{E)}Ee£(X) forms a base of entourages of Y. The only condition needed to be 
proved is the existence, for each entourage E oi X, of an entourage F of X such 
that f{F)'^ C f{E). Assume C E and any /(F)-chain in Y hfts to a D-chain 
in X. Suppose {f{x),y) £ f{F) and {y,z) E f{F). We may choose xi G f^^{y) 
so that {x,xi) e D. Now we may choose X2 E f^^{z) so that {xi,X2) E D. Hence 
{x,X2)€E&nd ifix),z)Ef{E). 

Notice that if any /(F)-chain in Y hfts to an i?-chain in X, then B{f{x),f{F)) C 
f{B(x,E)), so / is indeed uniformly open. □ 

Let us characterize covering maps in the uniform category in terms of lifting of 
chains. 

Theorem 2.10. Suppose f : X Y is a function of uniform spaces and the uni- 
form structure on Y is generated by f . f is a uniform covering map if and only if 
the following conditions are satisfied: 

a) / has the chain lifting property. 

b) / has the uniqueness of chain lifts property. 

Proof. Suppose / is a uniform covering map. The existence of a transverse en- 
tourage Eq is obvious as any E such that : R{X, E) — > R{Y^ f{E)) is a simplicial 
covering map will do. Condition b) follows from 12.81 Also, in that case it is clear 
any /(i?)-chain in Y lifts to an i?-chain in X. 

Assume Conditions a) and b) are satisfied. 

Given an entourage G of X define a{G) as the set of points {x, y) E G satisfying 
the following conditions: 

(1) For any xi E /"^(/(a;)) there is yi E f^^{f{y)) such that {xi,yi) E G. 

(2) For any yi E f^^{f{y)) there is xi E f^^{f{x)) such that {xi.yi) E G. 
First, observe the family {a{G)}Ge£ forms a base of entourages of X. Indeed, 
given an entourage E choose an entourage Ei E E so that any /(i?i)-chain in 
Y lifts to an i5-chain in X. Now Ei C a{E) as follows: given {x,y) E Ei and 
given xi E f^^[f{x)), one can hft the /(iJi)-chain f{x),f{y) to an i?-chain xi,yi. 
Similarly, if yi E f^^{f{y)), we can lift f{y), f{x) to an i?-chain yi,xi. That means 
{x,y) E a{E). 

Second, if Eq is an entourage of X transverse to / (provided by 12. 8p . then 
notice oi{G)^ C Eq imphes / maps B{x,a{G)) bijectively onto B{f{x),f{a{G))). 
Indeed, if y,z E B{x,a{G)) and f{y) — f{z), then {y,z) E Eq and y — z. If 
z E B{f{x),f{a{G))), there is {xi,yi) E a{G) so that f{x) = f{xi) and f{yi) = z. 
As (xijj/i) E Oi{G) there must exist y E satisfying {x,y) E G. Notice 

that implies E a{G) (as {xi,yi) E a{G)) and that means any /(a;(G))-chain 

lifts to an a(G')-chain. □ 

Remark 2.11. James [20l p. 111-112] defined uniform covering maps as p: X ^ B 
so that there is an entourage E transverse to p and X has a base of entourages F 
satisfying R o F ^ F o R^ where R = p~^{AB) is the relation on X induced by p. 
Unfortunately, he never added the condition that p generates the uniform structure 
on Y (in the language of [Mj it translates to relation R being weakly compatible 
with the uniform structure on X). Our interpretation of Chapter 8 in [20j is that he 
assumes so implicitly. With that in mind our definition of uniform covering maps is 
equivalent to that of James. Indeed. [2?8l takes care of the uniqueness of chain lifts 
property and 12.91 implies that James' uniform covering maps have the chain lifting 
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property as a map that generates the uniform structure and statisfies RoF — Fo R 
is uniformly open. Conversely, observe that any F that evenly covers p{F) satisfies 
RoF ^ FoR. 

The most important property of covering maps in topology is that of unique lifts 
of paths and the fact homotopic paths have the same end-point when lifted. That 
leads to a quick candidate X for the miiversal cover of a pointed space {X,xo): 
it is the quotient space of the space of paths Map((/,0), {X,xo)) in X (equipped 
with the compact-open topology) starting from xq, where the equivalence relation 
is that of homotopy rel. end-points. 

In the reminder of this section we are going to define a uniform structure on 
X mimicking the basic topology on X and we are going to discuss necessary and 
sufficient conditions for the projection irx'- X ^ X {nxia) is the end-point of 
a) to be a uniform covering map. It turns out, not surprisingly, those conditions 
involve uniform local path-connectedness and uniform semi-local simple connected- 
ness. However, our definition of uniform local path-connectedness is much simpler 
than [5ni Definition 8.12 on p. 119] and we are unsure if the definition piT, Definition 
8.13 on p. 119] of uniform semi-local simple connectedness is correct as it involves 
existence of a base of entourages rather than just one entourage. 

For each entourage E oi X define E* as the family of pairs of homotopy classes 
([a],[/3]) of paths from xq such that * /3 is homotopic rel. end-points to a 
path contained in some B{z,E). The family {E*}e forms a base of a uniform 
structure on X which we call the basic uniform structure on X. Notice that the 
projection nx : X —>■ X is uniformly continuous. Also, it is surjective if and only if 
X is path-connected. 

Proposition 2.12. If X is a path- connected uniform space, then its structure is 
generated by ttx : X ^ X if and only if for each entourage E of X there is an 
entourage F such that any two points in B(x,F) can be connected by a path in 
B(x,E) for any x Cz X . 

Proof. Suppose ttx- X X is generates the structure on X. Given an en- 
tourage E oi X there is an entourage F of X satisfying F^ C ttx{E*). Suppose 
y,z G B{x,F). Since {y,z) G F^, there is a pair of paths (a,/3) £ E* so that a 
joins Xq to y and /3 joins xq to z. Thus * /3 is homotopic rel. end-points to a 
path contained in some B{w, E) C B{x, E^). 

Suppose for each entourage E oi X there is an entourage F such that any two 
points in B{x,F) can be connected by a path in B{x,E) for any x ^ X. Given 
{y,z) G F choose a path a contained in B{y,E) joining y to z. Choose a path 
l3 from Xq to y and observe {f3,f3 * a) € E* , irxiP^jS * a) — {y,z) which proves 
F C Trx{E*) and ttx generates the structure on X. □ 

Call a space satisfying the conditions in l2 . 1 2l uniformlv locally path-connected 
(see [28] or [3]). 

Lemma 2.13. If X is uniformly locally path- connected, then for every entourage 
E of X there is an entourage F C E such that B{x,F) is path- connected for every 
X&X. 

Proof. Let H be an entourage of X such that for any x € X, any two points 
in B{x, H) can be joined by a path in B{x, E). Define F to be all {x, y) € E such 
that X and y can be joined by a path in some B{z, E). Notice H C F so that F is 
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an entourage. Let x ^ X and y, z ^ B{x, F). Then there is a path a joining y to a; 
in some B(zi, E) and a path [3 joining x to 2 in some B{z2, E). Notice that a * (3 
is contained in F). □ 

Proposition 2.14. Suppose f : X ^ Y is a uniform covering map and g: Z —^Y 

is uniformly continuous. Suppose X, Y , and Z are path- connected and uniformly 
locally path- connected. Let xq £ X, yo G Y, and zq E Z with f{xo) = 5(^0) — yo- 
Then there is a unique uniformly continuous lift g : Z X of g with 5(20) — if 
and only if g^{'Ki(Z, zq)) C /*(7ri(X, 2:0))- Further, if g is a uniform covering map 
then so is g. 

Proof. From the corresponding theorem in the topological category we have 
the forward direction. Also from the topological theorem there is a unique lift 5 
with g{zo) = Xo defined by letting g{z) be the endpoint of the lift of g o a starting 
at Xo where a is a path from zo to z |26j . We show that g is uniformly continuous. 
Let E be an entourage of X evenly covering f{E) and F be an entourage of Z 
such that B{z, F) is path-connected for each z £ Z and g{F) C f{E). Let {x, y) £ 
F . Take a path a from zq to x and a path (3 from x io y that is contained in 
B(x,F). Lift g o a to a, path a from xq to g{x). Since g o p is contained in 
B{g{x)J{E)) = B{f(g{x))J{E)), 7 = if\B{g{x),E))~'^ o g o /3 is a path starting at 
g{x) that is contained in B(g{x), E). But a * 7 is a lift of g o (a * /3) starting at xq 
so 7(1) = g{y) and we have {g{x),g{y)) C E. 

Now suppose g is a uniform covering map. Let us first show that 5 is surjective. 
If X G X, take a path a from a;o to x and lift / o a to a path a in Z starting at zq. 
Then 5(5(1)) = x. 

Now let us see that 5 generates the uniform structure of X. Suppose E is an 
entourage of Z evenly covering g{E) and let F be an entourage of X that evenly 
covers f{F) and has f{F) C g{E). Finally, let G C F be an entourage so that 
for every x £ X, any two points in B{x, G) can be joined by a path contained in 
B{x,F). Suppose {x,y) G G. Take a path a from xq to x and a path /3 from x to 
y that is contained in B{x, F). Lift / o a to a path a in Z starting at zq and set 
x' = 5(1). Set 7 — {glsix' ,E))^^ ° f ° (3 and notice that 5 * 7 is a path from zq to 
some y' G B{x' , E). Then g{x' , y') = [x, y) so we have G C 5(£') and 5 the uniform 
structure of X. 

Finally, put H ^ Er\g~^{G) where E and G are as above and let us see that H 
evenly covers g{H). Let z £ Z and suppose y G B{z, H) with 'g{x) = g{y). Then 
g{x) = g{y) so x = y since E evenly covers g{E). Now suppose y G B(g{z),g{H)). 
Take a path a in Z from zq to z and let 5 be the lift oi goa. Now take a path /3 from 
g{z) to y that is contained in B(g{z),F). Set 7 = {g\B(z,E))^^ ° f ° P and notice 
a * 7 is a path from zq to some y' G -6(2, F). Then lj{y') ~ y and y' G i?(2, -ff ). □ 

When is nx : X ^ X a uniform covering map? 

Proposition 2.15. Let X be a path- connected uniform space. Suppose E is an 
entourage of X and x £ X. If {E*Y is transverse to ttx, then every loop in 
B{x,E) at X is null-homotopic in X. 

Proof. Notice balls B{a,E*), a G 7r^^(x), are mutually disjoint. Suppose 7 is 
a loop in B{x, E) at x. Choose a joining xo to x and notice {a * 7, a) G E* . Since 

(a) = X = TTX (a * 7), a * 7 is homotopic rel. end-points to a in X and 7 is 
null-homotopic in X. □ 
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I2.12l and l2.15l lead to the concept of a uniform Poincare space X (compare [3 ), 
a space that is path-connected, uniformly locally path-connected, and uniformly 
semi-locally simply connected (that means the existence of an entourage F 
such that all loops in B{x, F) at x are nuU-homotopic in X for all x G X). 

Theorem 2.16. nx- X ^ X is a uniform covering map if and only if X is a 
uniform Poincare space. 

Proof. If TTx is a uniform covering map, X must be uniformly locally path- 
connected by 12.121 and uniformly semi-locally simply connected by 12.151 

Suppose X is a uniform Poincare space. By 12.121 ttx generates the uniform 
structure of X. Let F be an entourage of X and let E be an entourage of X 
such that loops in B{x,E) at x are nuU-homotopic in X. Let G be an entourage 
with C F n E and iJ C G be an entourage such that all balls B{x, H) are 
path-connected (use l2.13() . 

Let us show that H* evenly covers Trx{H*). Let a £ X and /?, 7 G B{a, H*) with 
T^x{P) — 7i'x(7) — X for some x € X. Notice (3^^ *7 is homotopic rel. end-points to 
a path contained in B{x, H^) C B{x, E) so it is null homotopic. Therefore /3 ^ 7. 
Now let y G _B(7rx(ck), 7rx(-ff*)), so y = irxiP) and TTx{ct) — TTx{ct') for some 
(/3, a') e H*. Then y, TTx{ct) S B{z, H) for some z £ X so there is a path 7 joining 
them that is contained in B{z, H). Notice 7rx(Qf * 7) = y and (a, a * 7) G H* . □ 

3. Generalized uniform paths 

How to adjust the above construction of X for spaces with bad local properties? 
A good way is to approximate X by its Rips complexes. An alternative way is to 
embed X in a space with good local properties and use paths there (see Section [6]). 

First, we will extend the concept of paths being homotopic rel. end-points. 

Definition 3.1. Two paths c and d in R{X,E) with endpoints in X are E- 
homotopic provided the following conditions are satisfied: 

1. The initial points Xc and Xd and the terminal points yc and yd of the paths 
c and d satisfy (xc, Xd), {yc, Vd) G E; 

2. c is homotopic in R{X,E) rel. end-points to the concatenation e{xc,Xd) * 
d*e{yd,yc)- 

Notice the relation of being .E-homotopic is symmetric and coincides with usual 
homotopy of paths rel. end-points in R{X, E) if the end-points of paths are the 
same. 

Given a uniform space X one can consider the space GP{X) of generalized paths 
in X. A generalized path is a collection {[c^;]}^; of homotopy classes of paths 
\ce\ in i?(X, E) joining fixed x £ X to y € X such that for all entourages F C E, 
cp is homotopic to ce in R{X,E) rel. end-points. 

A generalized path c — { [ce] Ib is called F-short if its end-points x and y satisfy 
{x,y) G F and [cp] is the homotopy class of the edge-path e{x,y) in R{X,F). In 
other words, c is F-short if cf is F-homotopic to the constant path at the origin of 
c. 

We equip GP{X) with a natural uniform structure: a base of entourages of 
GP{X) is the family F* consisting of all pairs (c, d) of generalized paths c = {[c£;]}_e 
and d — {[dE\}E such that cf is F-homotopic to dp- 
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If two generalized paths c and d have the same initial point (or the same ter- 
minal point), then (c, d) G F* if and only if c^^ * d is F-short (c * d^^ is F-short, 
respectively). 

The projection ttx '■ GP{X) X assigns to each generalized path its end-point. 
Notice TTx is uniformly continuous as (c, c?) G F* implies (7rx(c), 7rx('i)) G F. 

Given a uniform morphism / : X — > F it induces a function / : GP{X) GP{Y) 
as follows: Let c = {[c^;]}^; be any generalized path oi X and F be any entourage of 
Y. Put E = f-^{F) and define /(c) = {[fE{cE)]}F. Notice that all paths fuicH), 
H C E, are homotopic rel. end-points to fsicE) so that / is well-defined. Also 
notice that / is uniformly continuous as for any entourages E oi X and F of F the 
inclusion E C f-\F) implies f{E*) C F*. 

Given a pointed uniform space {X, xq) one can consider the space GP{X, xq) of 
generalized paths in X originating from xq with the uniform structure induced from 
GP{X). Any pointed uniformly continuous function /: {X,xo) — > {Y,yo) induces 
a uniformly continuous /: GP{X,xo) GP{Y,yo). 

In case of {X,xo) = (/,0) being the pointed unit interval the space GP{I,0) is 
naturally identical with / as for any t € I there is only one generalized uniform 
path from to i (a generalization of this observation is CoroUarv lS.lip . Therefore 
every ordinary path in X from xq to x induces naturally a generalized uniform path 
which we will usually denote by the same letter. 

4. Uniform joinability 

Connectivity and path connectivity can be generalized to the uniform category 
in several ways. First, the concept of chain connectivity of X (see [5S] or [3]) 
that is equivalent to uniform connectivity of James [20l Definition 1.5 on p. 7] 

can be formulated as connectivity of all its Rips complexes. 
Here is a generalization of path-connectivity. 

Definition 4.1. X is joinable if any of its two points can be joined by a generalized 
uniform path. 

Obviously, any X such that the underlying topological space is path-connected, 
is joinable. 

The following is an elementary exercise: 

Proposition 4.2. If X is a uniform space, then the following conditions are equiv- 
alent: 

a. X is joinable, 

h. TTx : GP{X, Xq) X is surjective for each Xq € X, 
c. TTx : GP{X, Xq) X is surjective for some Xq G X. 

Definition 4.3. X is uniformly joinable if for each entourage E oi X there is 
an entourage F such that any pair (x, y) ^ F can be joined by a generalized path 
{[ch]}h e GP{X) that is F-short. 

Notice that any uniformly locally path-connected X is uniformly joinable. Those 
include inner-metric spaces (in particular, geodesic spaces) and Peano continua. 

Proposition 4.4. If f : X —> Y generates the uniform structure of Y and X is 
uniformly joinable, then Y is uniformly joinable. 
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Proof. Given an entourage E oiY pick an entourage F C G = f^^{E) of X so 
that for any pair (x, y) € F there is a generahzed path c{x, y) joining x and y that is 
G-short. Suppose {x',y') € f{F). Pick a pair {x,y) € F satisfying f{x,y) = {x' ,y') 
and observe f{c{x, y)) is a generahzed path in Y joining x' and y' whose E-th term 
is e{x\y') in R{Y,E). □ 

Proposition 4.5. If X is uniformly joinable and chain connected, then it is join- 
able. 

Proof. Given an entourage E oi X pick an entourage F of X so that any pair 
{y, z) €z F can be connected by a generahzed path c(j/, z) that is iJ-short. Since xq 
and xi can be connected by an i^-chain, we can replace each hnk of that chain by 
a generahzed path and obtain a generahzed path d from xq to xi. □ 

Proposition 4.6. If X is chain connected, then the following conditions are equiv- 
alent: 

a. X is uniformly joinable, 

b. TTx : GP{X, xq) X generates the uniform structure of X for each xq £ X , 

c. TTx : GP{X,xq) X generates the uniform structure of X for some xq £ 
X. 

Proof, a) => b). nx is surjective by 14.51 and 14.21 Given an entourage E of 
X pick an entourage F of X so that any pair (y, z) e F can be connected by a 
generahzed path c{y, z) that is F-short. Let d be a generahzed uniform path from 
Xq to y. Now, d * c{y,z) is a generahzed path in X so that (d, d * c{y,z)) G E* . 
Since Trx{d) = y and nxid * c{y, z)) — z, we obtain F C Trx{E*) which proves ttx 
generates the uniform structure of X. 

c) =^ a). If TTx generates the uniform structure of X, then for each entourage 
E oi X there is an entourage F C E oi X such that F C TTxiE*). That means 
for any pair {x,y) G F there is (c, d) G E* with x = nx{c) and y ~ 7rx(d). Notice 
e — c'^^d is a generahzed F-short path from x to y. □ 

Definition 4.7. Suppose X is a uniform space and xq G X. By the uniform 
fundamental pro-group pro— 7ri(X, xq) we mean the inverse system of groups 
{7r,{R{X,E),xo)}E- 

The uniform fundamental group tti {X, xq) is the inverse hmit of pro— tti {X, xq) 
which is identical with the group of generalized loops of X a,t xq- Notice tti{X, xq) 
inherits a uniform structure from GP{X, xq), so it is actually a topological group. 

Recall an inverse system {Ga}aeA of groups satisfies the Mittag-LefHer con- 
dition (see |9l p. 77] or [24l p. 165]) if for every a & A there is & > a such that 
for any c > b the image of Gf, Ga is contained in the image of Gc Ga (that 
implies those images are actually equal). In particular, an inverse system {Ga}aeA 
of groups is trivial if for every a G A there is 6 > a such that the image of Gb Ga 
is trivial. 

As noted in [51 Proposition 6.1.2] an inverse system of groups satisfies the Mittag- 
Leffier condition if and only if it is movable in the category of pro-sets. Therefore 
it makes sense to consider a condition equivalent to uniform movability (see |241 
p. 160]) of a pro-group in the category of pro-sets. 

Definition 4.8. An inverse system {Ga}aGA of groups with inverse limit G satisfies 
the strong Mittag-Leffler condition if for every a G A there is 6 > a such that 
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the image oi G Ga contains the image of Gb Ga (that imphes those images 
are actuaUy equal). 

Remark 4.9. If the index set A has a countable cofinal set B (that means for any 
a E A there is b E B with b > a), then {Ga}aeA satisfying Mittag-Leffler condition 
implies it satisfying the strong Mittag-Leffler condition (use |231 Theorem 4 on 
p. 163]). 

Theorem 4.10. If X is uniformly joinable then pro— tti (X, a;) satisfies the strong 
Mittag-Leffler condition for each x E X . 

Proof. Fix X € X. Given an entourage E oi X pick an entourage F C E with 
the property that any pair of points (y, z) E F can be connected by a generalized 
path c{y,z) so that c{y,z)E is the homotopy class of the edge e{y,z) in R{X,E). 
Suppose a is a loop at x in R{X,F). Represent that loop as an F-chain x = 
Xi,...,Xn = X and replace each edge e{xi,Xi+i) by c{xi,Xi+i). The result is a 
generalized loop 7 at a; so that [7^] = [a] in R{X,E). Notice that 7//, H C F, 
represents an element of tti{R{X, H), x) whose image in tti {R{X, E),x) is the same 
as [a]. □ 

Theorem 4.11. Suppose X is a joinable uniform space, //pro— 7ri(X, a;o) satisfies 
the strong Mittag-Leffler condition for some xq G X , then X is uniformly joinable. 

Proof. Given an entourage E oiX choose an entourage F C E with the property 
im(7ri(i?(X,F),a;o) ^ 7Ti{R{X, E),xo)) C im{Tri{X,xo) ^ Tri{R{X, E),xo)). If 
{x,y) £ F choose a generalized path c{x) from xo to x and choose a generalized 
path c(y) from xq to y. The loop c{x)f * e{x, y) * c{y)p^ in R{X, F) equals ds in 
R{X,E) for some generalized loop d at xq. Consider c = c{x)^^ *d*c{y) and notice 
ce — e-{x, y) which proves X is uniformly joinable. □ 

Proposition 4.12. If X is a chain connected uniform space, then any of the fol- 
lowing conditions implies that X is joinable: 

(1) pro— 7ri(X, Xo) is trivial for some xq G X; 

(2) X has a countable base of entourages and lim (pro— 7ri(X, xq)) = for 
some Xq G X. 

Proof. (1) Consider the Rips complex R{£) of the family of entourages of 
X. A simplex in R{£) is a finite set A = {Ei, . . . , Ek} of entourages of X such 
that for any pair i,j < k either Ei C Ej or Ej C E.^. Each A has a mini- 

k 

mal vertex to(A) defined as p| Ei. By induction on the number of vertices of 

i=l 

A find an entourage a(A) C m(A) such that the inclusion-induced homomorphism 
7Ti{R{X, a{A)),xo) — > Tri{R{X,m{A)),Xo) is trivial and the function a(A) is mono- 
tone (i.e. a(A) C a(A') whenever A' is a face of A). 

Fix a point x G X. Then any two paths from xq to x in R{X, a{E)) are homotopic 
in R{X,E). Let ce be such a path. Then {[c^JIb is a generalized path from xq 
to X. Indeed, ii F C E, then for A = {F, E} one has a(A) C a{F) C F and 
a(A) C a{E) C i?, so a path in R{X,a{A)) from xq to x is homotopic rel. end- 
points to both Ce and Ci? in R{X, E). 

(2) Let En be a base of entourages of the uniform structure on X. We can 

n 

assume E'i+i C Ei for all i since p| Ei is also a base. Put Gn — T^iiRiX, En), xq). 
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Recall (see that lini^{G„} — means existence, for each sequence g„ £ Gn, 

of a sequence hn G G„ such that gk = ■ h'/l^^^ in Gk for all fc > 1. If each 
Gn is countable, that condition is equivalent to {G„} satisfying the Mittag-LefHer 
condition (see [9l p.78]). 

Given x G X choose, for each n > 1, a path pn in R{X,En) from xq to x. Put 
9n — [Pn * Pn+i] choose loops hn at xo so that hk * h^^-^ is homotopic rel. xq 
to gk in R{X,Ek)- Put c/c = * /ifc for A: > 1. For each E choose Ek C E and 
set cb = Cfe. We then have a generalized path in X from xq to x. □ 

Proposition 4.13. If X is a uniformly joinable uniform space, then 
pro— TTi (GP(X, Xo), j/o) trivial for any xq G X, where yo is the constant general- 
ized path at Xq in X . 

Proof. Given an entourage _B of X choose an entourage F C E such that 
any two points {x,y) € F can be connected by a generalized path c{x,y) that 
is i?-short. Take any loop in R{GP{X), F*) based at yo and represent it as a se- 
quence yo, . . . ,yk = yo of generalized paths in X . Let Xi be the endpoint of j/^. Then 
Xq, ■ • ■ , is an F-chain that is i^- homotopic to {yi*yi^ *y2*y2^ *' ' '*yk-i*yk-i)F 
and is therefore null-homotopic via a finite sequence of simplicial homotopies in 
R{X,F). We wish to mimick those simphcial homotopies in R{GP{X),E*). At 
each stage of the homotopy we will have an i?*-chain in GP{X, xq) such that 
the endpoints of the links of the chain form an _F-chain in X. In case of a ver- 
tex reduction, say Xi, the sequence yo, . . . , yi-i, yi+i, ■ ■ ■ ,yk is an £'*-chain since 
{vT-i * Vi+i)E is homotopic to (?/~_\ * yi * y^^ * yi+i)E which in turn is E - 
homotopic to e{xi-i,Xi) * e{xi,Xi^i) and the simplex [xi-i, Xi, x^+i] G R{X,E). 
Also the endpoints xo, . . . , Xi-i, Xi+i, . . .Xk form an i^-chain. In the case of insert- 
ing a new vertex z between Xi and x^+i we create a new sequence yo, . . . ,yi,yi * 
c{xi, z), yi+1, . . . , T/fc- This sequence is an i?*-chain since {{yi *c{xi, z))~^ *yi^i)E is 
i?-homotopic to e(z, Xi) *e(xi, Xi+i) and the simplex [z, Xi, Xi+i] G R{X,E). Again, 
the endpoints form an .F-chain. □ 

Corollary 4.14. If X is uniformly joinable, then GP{X,xo) is chain connected 
and uniformly joinable for any xo £ X . 

Proof. Put Y = GP{X, Xo) and let yo be the constant generalized path at xq 
in X. Given an entourage E oi X choose an entourage F C E such that any pair 
(x, y) £ F can be connected by a generalized path c(x, y) whose i?-th term is e(x, y). 
If c is an element of GP{X, xq) look at cp and pick its simplicial representative, an 
edge- path xq, Xi,. . . , x„. Let d be the concatenation of c(xi, x^+i), i = 0, . . . , n — 1. 
Put e = c * d~^ and notice (?/o,e) G E*. Now the sequence yo, yi = e, y2 = 
e * c(xo,xi), . . . , y„+i = c (here j/i+i ^ yi * c{xi^i,Xi)) joins yo an d c so that 
{yi,yi+i) G E* for all i. Thus Y is chain connected. Application of 14.131 14.12[ 
and 14.11] completes the proof. □ 

Corollary 4.15. If X is uniformly joinable, then for any xo £ X the projection 
T^GP{x Xq)'- GP{GP{X,xo),c) GP{X,xo) is a uniform equivalence for any c G 
GP{X,xo). 

Proof. Bv 14.141 the space Y = GP{X, xo) is chain connected and uniformly 
joinable. Bv 14.61 ttv : GP{Y,c) Y generates the uniform structure of Y and by 
14.131 it is injective. Therefore Try is a uniform equivalence. □ 
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5. Generalized uniform covering maps 

We define generalized uniform covering maps by weakening conditions of l2.10l (for 
relations between uniform covering maps and generalized uniform covering maps 
via inverse limits see [22]). 

Definition 5.1. A generalized uniform covering map is a function f : X ^ Y 
of uniform spaces generating the uniform structure of Y and satisfying the following 
conditions: 

GPl. (Generalized Path Lifting Property) Every generalized uniform path 

in Y at f{xo) lifts to a generalized uniform path in X at xq. 
GP2. (Approximate Uniqueness of Generalized Path Lifts Property) 

For any entourage E oi X there is an entourage F of X such that any two 
generalized uniform paths a and (3 in X with a common origin must be 
i?-homotopic if f{a) and f{(3) are /(F)-homotopic. 
CI. / has the chain lifting property. 

C2. For any entourage E oi X there is an entourage F oi X such that any two 
f -chains a and (3 with a common origin must be i?-homotopic if f{a) and 
/(/?) are /(F)-homotopic. 

Notice that Conditions CI and C2 are discrete versions of Conditions GPl and 
GP2, respectively. 

Before analyzing interdependence of Conditions GPl-2 and Cl-2 let us explain 
the meaning of Conditions GPl-2. 

Proposition 5.2. Suppose X and Y are Hausdorff uniform spaces and f:X—i-Y 
generates the uniform structure ofY. 

(1) /// satisfies Conditions GPl-2, then f: GP{X,xo) ^ GP{YJ{xq)) is a 
uniform equivalence for each xq ^ X . 

(2) If X is joinable and f : GP{X, xi) — > GP{Y, f{xi)) is a uniform equivalence 
for some xi G X , then f satisfies Conditions CPl-2. 

Proof. (1) Condition GPl of l5.1l savs / is surjective and Condition GP2 of 15.11 
implies / is both injective and generates the uniform structure of GP{Y, f{xo))- 
Indeed, if /(a) = f{f3), then a is £^-homotopic to /3 for all entourages E of X. 
Hence their end-points coincide and a = p. Condition GP2 means (provided GPl 
holds) F* C f{E*), so / generates the uniform structure of GP{Y, f{xo)). 

(2) Suppose a is a generalized uniform path in Y starting at /(a;o). Choose a 
generalized uniform path 7 from xi to a;o a-nd let /3 be a generalized uniform path 
from xi satisfying /(/?) — /(7) * a. Put a = 7^^ * (3 and observe /(u) — a. That 
proves GPl. 

Choose an entourage F of F so that F* C f{E*) (such F exists as / is a uniform 
equivalence). Suppose a and /3 are two generalized uniform paths at xq such that 
/(a) is F-homotopic to /(/3). Choose a generalized uniform path 7 from xi to xq 
and observe (/(7*Q!), /(7*/3)) S F* . That implies there are two generalized uniform 
paths (ai,/3i) G E* starting from xi so that /(ai) = /(7*a) and /(/3i) — f{j*/3)- 
Due to / being injective, ai = 7 ^ a and /3i = 7 * /3. Now a'-^ * /3 = a^^ * j3i is 
i^-short and Condition GP2 holds. □ 

Corollary 5.3. Suppose f : X Y is a generalized uniform covering map and 
yo — f{xo)- If Z is joinable, then for every uniformly continuous g: Z ^ Y with 
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g{zo) ~ yo there is at most one uniformly continuous lift h: Z — > X of g satisfying 
h{zo) = xo- 

Proof. Given z G Z pick a generalized path c from zq to z. Since f{h{c)) — 
'g{c), the generalized path h{c) is uniquely determined. Hence its end-point h{z) is 



The following result has an easy proof, so it is left to the reader. 

Proposition 5.4. Suppose f: Xi — > X2 and g: X2 —>■ X3 generate the uniform 
structure of their ranges. If f and g are generalized uniform covering maps, then 
so is the composition g o f- 

Our next objective is to replace Condition C2 by Approximate Uniqueness of 
Chain Lifts Property as it is closer to the uniqueness of lifts property in our defini- 
tion of uniform covering maps. 

Lemma 5.5. Given a function f : X —> Y from a uniform space X consider the 
following conditions: 

C2. For any entourage E of X there is an entourage F of X such that any two 
F-chains a and [3 with a common origin must he E-homotopic if f{a) and 
f{f3) are f{F)-homotopic. 
C3. ('Approximate Uniqueness of Chain Lifts Property^ For any en- 
tourage E of X there is an entourage F of X such that any two F-chains 
in X starting from xq are E-close if their images are identical. 
If f has the chain lifting property, then C2 and C3 are equivalent. 

Proof. C2 ==> C3. If f{a) — f{f3), then they are clearly /(F)-homotopic. 
Hence a is i?-homotopic to /?. In particular, their end-points are i?-close. The 
same argument works of subchains of a and P with the same number of links, so a 
is i?-close to /3. 

C3 =^ C2. Given an entourage E of X choose an entourage Ea satisfying 
E'^ C E. Now choose an entourage Ej, of X so that any two i5^-chains must be 
i?a-close if their images are identical. Pick an entourage F C E}, oi X such that 
any /(i^)-chain in Y lifts to an £^b-chain in X. 

Consider two i^-chains a and /3 starting from xq with common end-point such 
that /(a) and /(/3) are /(F)-homotopic rel. end-points. Let 71,. . . ,7n be a sequence 
of /(F)-chains realizing /(F)-homotopy from /(a) to f{P). Choose an Et-Mt A; of 
7i for each 1 < i < n and put Ai = a, A„ = /?. To show Xi is £^-homotopic to Ai+i 
it sufhces to consider the case ji+i is obtained from 7; via an /(i^)-expansion. Let 
r be the chain obtained from A^+i by dropping the expansion vertex. Notice F is 
an i?j-chain and /(F) — /(Ai). Hence F is i?a-close to Ai and it is -E^-homotopic 
rel. end-points to A^. Since Ai+i is an iJfc-expansion of F, it is i?-homotopic to A^. 

We still need to show that the endpoints of a and /? are sufficiently close. Pick 
an entourage Fi C F of AT so that any /(Fi)-chain in Y lifts to an F-chain in 
X. Assume a and (3 are fi-chains starting from xq such that f{a) and /(/3) are 
/(i^i)-homotopic. Extend f{a) to /x by adding the end-point of /(/?) and hft fj. to 
an _F-chain a'. Now f{a') and f{/3) are /(F)-homotopic, so by the previous case 
a' is _B-homotopic to /3 rel. end-points. Since a' with end-point removed is i?Q-close 
to a, we get a is _B^-homotopic to /3. □ 

I5.5l savs the difference between 1 2 . 1 1 and Conditions Cl-2 of lS.ll is that for uniform 
covering maps one has existence and uniqueness of lifts of chains (assuming the 



uniquely determined as well. 



□ 
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chains are sufficiently fine - that comes from existence of an entourage transverse 
to the covering map) and for generahzed uniform covering maps one has existence 
and approximate uniqueness of hfts of chains. 

Let us show that Condition GP2 is superfluous and Condition GPl in 1 5. II follows 
from CI and C2 provided the fibers of / are complete. 

Proposition 5.6. If f : X ^ Y satisfies Conditions GPl and Cl-2 of \5.1\ then it 
satisfies Condition CP2 of \5.1\ . 

Proof. Suppose any two F-chains a and /? originating from the same point 
must be £'-homotopic if /(a) and are Fi-homotopic, where Fi = f{F). Given 
{f{di), f{d2)) e ^^i*, where di,d2 £ GP{X, xq), we may assume F-terms of both di 
and d2 are realized by F-chains a and /3, respectively. Since /(a) is Fi-homotopic 
to f{f3), a is F-homotopic to f3 resulting in (di, c?2) G F*. □ 

Lemma 5.7. Suppose f: X ^ Y is a uniformly continuous map with complete 
fibers, f is a generalized uniform covering map if it generates the uniform structure 
on Y and the Conditions Cl-2 of \5.1\ are satisfied. 

Proof. The only task is to show that any generalized path c — {\ce\} in Y 
starting at /(xg) has a lift starting at xq. Given an entourage F of X, choose an 
entourage a(F) C F so that /a(F)-chains in Y lift to F-chains. Let Cfa(E) be an F- 
lift of Cfa(E) and define xe to be the endpoint of Cfa{E)- To see that {xe} is Cauchy 
let F be an entourage of X and choose an entourage H oi X so that two i7-chains 
are F-homotopic if their images are /(_ff)-homotopic. Suppose Fi,F2 C H. Then 
c/q(Fi) and Cfa(^F2) are i/-chains with images Cfa(^Fi) and Cfa(F2) respectively. Since 
fa{Fi), fa{F2) C f{H), Cfa{Fi) and Cfa(F2) are /(H)-homotopic so {xfi,xf2) G E. 
Let a; be a limit point of {xe}- We will extend lifts of chains ce to x to form a 
generalized path d — {[c?£;]} so f{d) — c. 

Given an entourage F of X choose an entourage /3(F) C F so that two f3{E)- 
chains are F-homotopic if their images are //3(F)-homotopic and choose an en- 
tourage 7(F) C /3(F) so that for any entourage F C 7(F), {xf,x) G /3(F). Given 
an entourage E of X define to be Cfa-yiE) extended to x. Since Cfaj(E) and dE 
arc both /3(F)-chains with //3(F)-homotopic images, f{dE) = Cfo,j(E) which is F- 
homotopic to c/(£;) so /(d) = c. To see that d is in fact a generalized path suppose 
F C F are entourages of X and consider the entourage H = fa{aj{F) D aj{E)). 
Choose an a7(F) n a7(F)-lift h of ch and notice it is a /3(F)-chain whose image 
is //3(F)-homotopic to Cfaj(F)- Therefore h is F-homotopic to c?f- Similarly h is 
F-homotopic to d^; so we have c?f F-homotopic to d^. □ 

5.1. Generalized uniform covering maps and uniformly joinable spaces. 

Theorem 5.8. Suppose X is uniformly joinable chain connected Hausdorff uniform 
space. If f : X — > Y generates the uniform structure of Y , then the following 
conditions are equivalent: 

a. f is a generalized uniform covering map. 

b. / satisfies Conditions GPl-2. 

c. /: GP{X^xq) — !■ GP{Y, f{xo)) is a uniform equivalence for some xq G X. 

Proof. The equivalence of b) and c) follows from 15.21 Suppose / satisfies 
Conditions CP 1-2. 
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Proof of CI. Given an entourage E oi X choose an entourage Fi of X so that 
two generahzed paths starting at the same point are _B-homotopic provided their 
images are /(Fi)-homotopic. Choose an entourage F of F so that any {x,y) £ F 
can be joined by a generahzed path that is /(Fi)-short. Suppose (f{x), y) G F. Join 
f{x) and ?/ by a generahzed path c that is /(Fi)-short. Now c Ufts to a generahzed 
path c starting at x. Let y' be the endpoint of c. Since c is /(i^i)-homotopic to the 
constant path at f{x), c is i?-homotopic to the constant path at x. In particular 
ix,y')eE. 

Proof of C2. Given an entourage E oi X choose an entourage G of F so 
that (/(c), /(d)) e G* inipHes (c, d) G E* for any two generahzed paths c and d 
originating from the same point. Choose an entourage F C H = E O f^^{G) of X 
such that any pair {x, y) ^ F can be joined by a generahzed _ff-short path c{x, y). 
Given an _F-chain a create a generahzed uniform path p{a) by replacing each of its 
edg ] with c{xi,Xi+i). Suppose f{a) is /(F)-liomotopic to /(/?). In that 

case (f{p{a)),J{p{l3))) e G* . Therefore (p(a),p(/3)) G E* . As p{a)E = H and 
p{P)e = is i?-homotopic to p. □ 

Corollary 5.9. Let Xi, X2, X^ be uniformly joinable chain connected Hausdorjf 
uniform spaces. Suppose f : Xi — > X2 and g : X2 —>■ X3 generate the uniform 
structure of their ranges. If any two of f , g, h = g o f are generalized uniform 
covering maps, then so is the third. 

Theorem 5.10. The projection ttx- GP{X, xq) ~> X is a universal generalized 
uniform covering map in the category of uniformly joinable chain connected Haus- 
dorff .spaces. 

Proof. Suppose X is chain connected and uniformly joinable. By 14. 151 and 15.81 
TTx is a generalized uniform covering map. li f : X Y is a generalized uniform 
covering map, then for any xq ^ X the induced map / : GP{X, xq) GP{Y, f{xo)) 
is a uniform equivalence, so we put g = ttx o /^^ : GP{Y, f{xo)) X . It is clearly 
a lift of TTy. Since g is a uniform equivalence and GP{Y, f{xo)) is joinable, 5 is a 
generalized uniform covering map by 15.81 □ 

Corollary 5.11. If X is a uniform Poincare space, then the natural function from 
X to GP{X, Xq) is a uniform equivalence. 

Proof. Use l5.10l to produce a lift a : GP{X, xq) X oi the projection GP{X, xq) 
X that generates the uniform structure of X. That lift is the inverse oi (3: X ^ 
GP{X, Xq) {(3 sends a path in X to the induced generalized uniform path). Indeed, 
we can applv [5T3l to conclude both ao [3 and (3 o a are identities. □ 

Theorem 5.12. Suppose f : X ~f Y is a generalized uniform covering map and 
yo = fi^o)- If Z is uniformly joinable chain connected, then the following are 
equivalent for any zq E Z and any uniformly continuous g: Z Y so that g{zQ) = 

yo: 

a. There is a uniformly continuous lift h: Z ^ X of g satisfying /i(zo) = Xq, 
h. The image of 'Ki{g): ■ki{Z,zo) — > ■Ki{Y,yo) is contained in the image of 

TTl (/) : TTl {X, Xq) ^TTl (F, ^q) 

Moreover, if g is a generalized uniform covering map and has a uniformly contin- 
uous lift h, then h is a generalized uniform covering map provided X is joinable. 
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Proof, b) a). Given z G Z pick c G GP{Z,zo) from zq to z and let 
d G GP{X,xo) satisfy f{d) — g{c). That d is unique (once c is chosen) and its 
end-point is our choice for h{z). If c' is another generahzed path from zq to z with 
the resulting d' G GP{X, xo), then g{c * (c')~^) is a generalized loop in Y at yo and 
we can choose a generalized loop e G GP{X, xo) so that /(e) = g(c * (c')^^). Now 
/(e * d') = /(e) * g{c') — g{c) — f{d), so e * d' — d and the end-points of d' and d 
are the same. Hence h{z) is independent on the choice of generalized path c. 

It remains to show h is uniformly continuous and here is where we use Conditions 
GPl-2. Given an entourage E of X pick an entourage F of 1^ so that any F-short 
generalized path in Y lifts to an F-short generalized path in X. Next choose an 
entourage G of Z satisfying g{G) C F. Finally, choose an entourage H of Z such 
that any two points (z, z') G H can be connected by a G-short generalized path. 
Pick c G GP{Z, Zq) from zq to z and then a G-short c' from z to z' . The difference 
between h{c) and h{c * c') is F-short, so they have lifts to X that differ by an 
F-short path. The conclusion is that {h{z), h{z')) G E which means h{H) C E, i.e. 
h is uniformly continuous. 

Assume X is joinable, 5 is a generalized uniform covering map and has a uni- 
formly continuous lift h. In view of 15. 41 it suffices to show h generates the uniform 
structure of its range. Since g = hof^g is a uniform equivalence and GP{X, xq) 
is uniformly joinable. □ 

Corollary 5.13. Let X be a uniformly joinable and chain connected space. The 
projection ttx ■ GP{X, xq) X is a uniform covering map if and only if there is an 
entourage E of X such that the natural homomorphism ni{X, xq) tti{R{X, E), xq) 
is a monomorphism. 

Proof. Suppose ttx ■ GP{X, xq) X is a uniform covering map and choose an 
entourage E oi X such that E* is transverse to ttx ■ That means (c, d) G E* implies 
c = d if c and d are generalized paths with the same end-point. Suppose c and d 
are generalized loops at xq so that ce = ds- That implies *d is F-short, hence 
* 0? is trivial and c — d. 

Suppose the natural homomorphism tti{X, xq) — > tti{R{X, E), xq) is a monomor- 
phism. If c and d are two generalized paths from Xq to x such that b = c~^ * d is 
F-short, then bs is trivial and b must be trivial. That means c ~ d and ttjc is a 
uniform covering map. □ 

Theorem 5.14. Suppose X has a countable base of entourages and is uniformly 
joinable. If f : X ^ Y is a generalized uniform covering map, then the fibers of f 
are complete. 

Proof. Choose a base {En}^^i of entourages of X satisfying the following 
conditions: 

(1) Any pair {x,y) G En+i admits a generalized uniform path Cn{x,y) from x 
to y whose Fn-term is the edge-path e{x, y). 

(2) If a and (3 are two F^+i-chains originating at the same point, then they 
are Fm-homotopic if /(a) is /(F„j_(-i)-homotopic to /(/?). 

Given a Cauchy sequence in a fiber f~^{y) of / we may choose its subsequence 
{Xn}n=i such that {xk,Xm) G En+1 for k,m>n. 

Let ai be the edge-path e{xi,X2). Given an F„_|.i-chain q;„ from xi to Xn+i 
construct an+i by replacing each link e{u, v) of q;„ by the F„_|_2-term of c„(u, v) and 
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then concatenating all of it with e(xn+i, Xn+2)- Notice {/(a„)}n=i is a generalized 
uniform loop at y, so it has a lift {/?„} from xi to some x G f~^{y)- If x is not 
the limit of {xn}n=i, then there is to > 1 with no Xi belonging to B{x,Em)- As 
f{am+i) is /(£;m+i)-homotopic to Um+i is £^m-homotopic to Pm+i- In 

particular, their end-points are i?m-close. Thus {x,Xm+i) G Em, a contradiction. 

□ 

6. Generalized paths relative to spaces 

In this section we expand an idea of Krasinkiewicz and Mine [H] to define gen- 
eralized uniform paths of X via an embedding in a uniform space T with nice local 
properties. We require T to be uniformly locally path-connected and the embedding 
X ^ T satisfies the following analog of uniform semi-local simply connectedness: 
Given an entourage E oi T there is an entourage F C E oi T such that any loop 
in B{x, F) is contractible in B{X, E) for &\\ x e X (here B{X, E) is IJ B{x, E)). 

One important case is that of T being uniformly locally simply-connected as 
every uniform Hausdorff space X embeds in the Tychonoff cube I'^ for some J 
(that embedding is simply via the set of all uniformly continuous functions X ^ I, 
so that is what one can choose for index set J). 

Another important case is of T = X and X being a uniform Poincare space. 

From now on we assume X is chain-connected. In this case one can define 
generalized paths following [21] (only the compact metric case is discussed there): 
GPt{X, xq) is the set of generalized paths in T from xq to points oi X. A 
generalized path is a family {[csJIggf of homotopy classes of paths ce in B{X, E) 
with common end-point x £ X such that for F <Z E the path cf is homotopic to 
Ce in B{X,E) rel. end-points. Given an entourage F oi T we define an entourage 

of GPriX^xo) as the set of pairs ({[c£;]}Egf:, {[deJlBef) such that Cp^ * dp is 
homotopic rel. end-points to a path contained in B(z, F) for some z E X . 

Notice a T = X and X is a uniform Poincare space, GPx{X, xq) is simply X. 

Our goal is to discuss the connection between GP{X,xo) and GPt{X,xo). 

Given an entourage E oi T let u{E) C ii^ be an entourage of T such that any 
loop in B{x,u{E)^) is contractible in B{X,E) for all x e X. Let v{E) C -E be an 
entourage of T such that any two points in B{x, v{E)) can be connected by a path 
in B{x, E) for aU x^T. Put w{E) = v{u{E)). 

Given a u'(£')-chain c = xq, . . . , Xfc in X from Xq to x choose a path am from Xm 
to Xm+i in B{xm, u{E)). Observe that the homotopy type of am (rel. end-points) 
in B{X, E) does not depend on the choice of Therefore one has a well-defined 
path-homotopy class i{c) from xq to x in B{X, E). 

Lemma 6.1. IJ c is homotopic to d rel. end-points in R{X, w(E)), then z(c) = i(d). 

Proof. It suffices to consider two cases: reduction of a vertex oi xo, . . . ,Xk or 
expansion oi Xq, . . . ,Xk by a vertex. 

If a vertex Xm+i is dropped from xq, . . . , Xfc, then the concatenation of paths a™ 
and am+i is replaced by a path /3 straight from Xmto Xm+2 ■ Since am * C(m+i *l3~^ 
is a loop in B(xm,u{EY), it is nuU-homotopic in B(X,E) and ao * ...ak-i is 
homotopic rel. end-points to the concatenation in which a™ * am+i is replaced by 
/3. 

The case of expansion oi xq, . . . , Xk by one vertex is essentially covered by the 
first case. □ 
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Given an entourage F oi T and given a path a from xo to x G X in B{X, F) 
construct the homotopy class j{a) of a path from xq to x in R{X, F^) as follows: 

For each t G [0,1] find x{t) e X so that {a{t),x{t)) e F (obviously, we want 
x(0) = xq and = x). Then find a subdivision — to < ti < . . . < tk = 1 oi 
the unit interval / such that a[tm,tm+i] is contained in B(z,F'^) for some z G X. 
We need to take since B{z,F) C lntB{z, F^). Let j{a) be the homotopy class 
of the i^6_chain x{0), . . . , x{tk) in R{X, F^). 

Lemma 6.2. j{a) does not depend on the choice of points ^ to < ti < . . . < tk — 

1 and j{a) = j{l3) in R{X,F^'^) if a is homotopic to (3 in B{X,F) rel. end-points. 

Proof. To show independence of i{a) of the choice of points Q = t^ < ti < . . . < 
tfe = 1 it suffices to consider the case of expanding Q = t^ < ti < . . . < tk = ^ hy 
adding extra s, tm < s < tm+i- The reason is that any two subdivisions of the unit 
interval can be combined by adding one point at the time. Since {x{tm), x{s)) € F^ 
and (x{tm+i), x{s)) £ F^, the chain x{0), . . . , x{tm), x{s), x{t„i+i), . . . , x{tk) is an 
_F®-expansion of x{0), . . . , x{tk) and is homotopic to a;(0), . . . , x{tk) rel. end-points 
in R{X,F^). 

Suppose H : I x I B{X,F) is a homotopy rel. end-points from a to (3. There 
is an equally spaced subdivision Q = t^ < ti < . . . < t^ = \ oi the unit interval / so 
that H{\trn, tm+i] X [trn tn+i]) C B{z, F^) for somc z ^ X . To conclude j{a) — j{(3) 
in F^^) it suffices to apply the following: 

Observation. If E is an entourage of X and XQ,...^Xk^ yQ,...,yk are two 
F-chains joining xq to x, then they are homotopic in R{X,E'^) rel. end-points if 
{xn, Vn) G E for all n < k. 

Proof of Observation. Create an F^-chain xo,yo, . . . ,Xk,yk and notice it can 
be reduced to both xo, . . . ,Xk and y^, . . . ,yk in R{X, F^). □ 

Lemma 6.3. Let E be an entourage ofT and F he an entourage with F^^ C w{E). 
If a is a path in B{X,F) then i{j(a)) is homotopic to a in B{X,E). Similarly, 
let E he an entourage of T and F he an entourage with F^^ C F. If ^ is a path in 
R{X,w{F)), then i{i(^)) is homotopic to 7 in R{X,E). 

Proof. Say i{a) is the homotopy class of xq = x{to), . . . , x{tk). For each i < k, 
a{ti),a{ti+i),x{ti+i) G B{x{ti),w{E)) so there are paths from x{ti) to a{ti) and 
from x{ti+i) to a{ti^i) that are contained in B{x{ti),u{E)). Therefore i{j{a)) 
is homotopic to a in B{X,E). Now suppose 7 is represented by the w(F)-chain 
xo, . . -Xk- Notice j{i{'y)) is the same chain in R{X,E) since for each i, (from 
the definition of j) is contained in B{xi,u{F)) C B{xi,F^). □ 

Now we are in a position to define i : GP{X, xq) GPt {X, xq) and j : GPt {X, xq) 
GF(X,xo). 

Given c — {[cf\}fi^£ G GF(X, xo) (from xq to x) assume each cp is realized by 
an F-chain xq, . . . , Xki^p) in R{Xi F)- Given an entourage E oi T use 16.11 to notice 
i{cp) is independent of the choice of F C w{E). By putting i{c)E = iicp) we get a 
well-defined element of GPt{X, xq). Similarly, given an element a = {[aF]}FG£ G 
GPt{X, Xq) use l6.2l to notice that for any entourage F of T the element jiap) does 
not depend on F provided F^^ C F. Thus, putting j{a) — {j(oiF)}Ee£ we get a 
well-defined element of GP(X, xq). 

Theorem 6.4. i: GP{X,xo) GPt{X,xo) and j: GPt{X,xq) ~-> GP{X,xo) are 
uniformly continuous and inverse to each other. 
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Proof. For uniform continuity of i let us show that i{w{E)*) C -E*. Let 
{c,d) G w{E)* . Then c~^^^^ * d^{E) is homotopic to e{x,y) in R{X,w{E)) where 
X and y are the endpoints of c and d respectively. Then we have «(c)^^ * i{d)E — 
i{cw{E))~^ * i{d^{E)) = K^ZIe) * d~w{E)) = ■i(e(x,y)) so {i{c),i{d)) £ E^. Similarly, 
for continuity of j, we show j{F^) C E* for F^^ C E. Let (a,/3) G F^ and x and y 
be the endpoints of a and /3 respectively. Then * Pe is homotopic in B{X, F) 
to some path 7 from a; to y that is contained in B{z, F) for some z & X. Then we 
have j(a)^^ * i{P)E = i{aE)~^ *j{PE) = j{ap^ * (3f) = in R{X,E). Notice 
that in R{X,E), is homotopic to e{x,y). 

Let a G GPt{X,xo) and consider i{j{a)). We have i(j(«))£; = = 
i(j(a_F)) where F^^ Cw{E). Bv l6.3i zfyfap')') is homotopic to in E). Now 
let c G GP{X,xo) and consider j{i{c)). We have j{i{c))E = j{i{c)E) — j{i{cw(E))) 
for i^^^ C E'. Again, bv 16.31 j(*(cii,(F))) is homotopic in R{X,E) to c^;. □ 

Corollary 6.5. If X is a metric continuum, then 7ri(X, Xq) is isomorphic to the 
first shape group of {X, Xq)- 

Proof. Embed X in the Hilbert cube Q. As in the proof of 16.41 ■iTi{X,xo) is 
isomorphic (also in the category of topological groups) to the group of generalized 
loops of X in Q at xq. That is the same as the inverse limit of {7ri(J7„)} (each with 
the discrete topology), where Un is the i-ball of X in Q, and that is exactly the 
first shape group of {X,xo) (see [9] or [21] )■ D 

Definition 6.6 (cf. [9l p. 88]). A pointed continuum {X,xo) is called pointed 
1-movable if pro— 7ri(X, xq) satisfies the Mittag-Lefiler condition. 

Corollary 6.7. For a metric continuum X the following conditions are equivalent: 

a. X is joinable, 

b. X is pointed 1-movable. 

c. X is uniformly joinable. 

Proof, a) => b). Embed X in the Hilbert cube Q. As in the proof of 16.41 
joinability of X is equivalent to the property that every two points x,y d X there 
is a sequence of paths a„ joining x to y in the (l/n)-neighborhood f7„ of X such 
that On+i is homotopic to a„ rel. end-points in Un- That coincides with the original 
definition of joinability of X given by Krasinkiewicz and Mine [21]. The main result 
of [21] states that joinable continua have the fundamental pro-group satisfying the 
Mittag-Leffler condition. 

b) =^ c). By [SI Theorem 6.1.7], we have lim^(pro-7ri(X, xo)) = 0. Bv [4T2l 

(or [H]), X is joinable. Applving 14.91 and 14.111 gives X being uniformly joinable. 
c) =^ a). Follows from 14.51 since any metric continuum is chain connected. □ 
Since all subcontinua of surfaces are pointed 1-movable (see [Q] Theorem 7.1.7]), 
one has the following: 

Corollary 6.8. All subcontinua of surfaces are uniformly joinable (that includes 
the suspension of the Cantor set and the Hawaiian Earring). The dyadic solenoid 
is not joinable. 

In connection to l6.8l let us point out the boundary of any word- hyperbolic group 
is compact and metrizable |17j and the boundary of any one-ended word-hyperbolic 
group is locally connected [5] (hence pointed 1-movable). Also, pointed 1-movability 
is related to semi- stability at infinity of groups (see [25] and [15]). 
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Corollary 6.9. If X is a uniformly joinable metric continuum, then the following 
conditions are equivalent: 

a. The projection ttx '■ GP{X,xo) X is a uniform covering map, 

b. 7ri(X, xo) is countable, 

c. '7ri(X, xo) is finitely generated. 

Proof. Embed X in the Hilbert cube Q. We show that nx ■ GP{X, xq) X 
is a uniform covering map if and only if there is a closed neighborhood iV of X 
in Q with 7ri(X, xq) — > Tri{N,Xo) a monomorphism and N the homotopy type of 
a compact polyhedron. That condition is known to be equivalent to b) and c) 
(see [E] or [21 Corollary 8 on p.l77]). According to 03l 7ry : GP{X,xq) ^ X 
is a uniform covering map if and only if there is an entourage i? of X so that 
7ri(X, xo) — > Tri{R{X, E), Xq) is a monomorphism. Suppose such an E exists and 
let F be an entourage of X with F^^ ^ ^_ Then Tri{X, xo) Tri{R{X, w{F)), xq) 
TTi{B{X,F),X()) — > ni{R{X,E),xo) is a monomorphism fsee 16. 3p so tti{X,xo) 
Tri{B{X, F), Xq) is as well. Note that there is a closed neighborhood iV of X in Q 
with N C B{X,F) and N the homotopy type of a compact polyhedron. Similarly, 
if such an N exists, Find £ > so that B{X, E/.) C N where E^ = {{x, y) € Q x Q : 
d{x,y) < e}. Take an entourage F such that F^^ C w{E^). Then ni{X,xo) 
Tri{B{X, F),xq) — > Tri{R{X,w{Eg)),Xo) Tri{B{X, E^)) is a monomorphism so 
7ri(X,xo) — > ■7Ti{R{X , w{Es}) , Xq) is as well. □ 

Theorem 6.10. Suppose X is a path- connected uniform space. If the projection 
tt: X X is a generalized uniform covering map, then X is a uniform Poincare 
space and n is a uniform covering map. 

Proof. X is uniformly locally path-connected bv 12.121 It suffices to show X is 
uniformly semi-locally simply connected. Suppose for each entourage E oi X there 
is a point xe and a loop as xe in B(x, E) that is non-trivial in X. Pick a path 
from Xq to Xe- By picking points on the loop (3e — * ctE * 1e that belong 
to the image of 7^; only one can define an £'*-chain in X starting from the trivial 
loop at Xq and ending at (3e- The same chain works for lje = 7b * ^e^ but this 
time we do not go around ue- Thus we have two £'*-chains in X with the same 
projection in X, so they should be X x X-homotopic for some E, a contradiction. 

□ 

7. Comparison to Berestovskii-Plaut uniform covers 

Berestovskii and Plant used an analogue of the the Schreier construction for 
topological groups [1] to create an inverse limit construction [3 for a uniform space 
X. We recall their construction (which we denote by Xbp as X is used by us 
for classical universal cover) below, and compare their inverse limit space Xbp to 
GP{X,xq). 

Let X be an uniform space with a fixed base point xq. For any entourage 
E an .E-chain starting at xq and ending at x G X is a finite sequence of points 
{xq, . . . , x„ — x} such that {xi, x^+i) G E for all < i < n — 1. An £'-extension 
of a i?-chain {xq, . . . , x„ = x} is a i?-chain {xq, . . . ,Xi,y, x^+i, . . . , x„ — x}, with 
< i < n. An i?-homotopy is a finite sequence of £'-extensions (or their obvious 
analogues £'-contractions) . Xe is the set of all i?- homotopy classes [c\e of i?-chains 
c. For any entourage F C E define F as follows: {[c]e, H_e) G -F if {[c]e, Hb) = 



RIPS COMPLEXES AND COVERS IN THE UNIFORM CATEGORY 23 

{[xo, • • • , Xn,y]E, [xq, • • • , Xn, z]e) with (?/, z) G F. The collection of all such F is a 
base for the uniformity on Xe- If C -E is an entourage, there is a natural map 
4>EF ■ Xp — > Xe which sends [c]f to [c]e and generates the uniform structure of 
Xe- With hindsight one may say the structure on Xe mimicks the basic topology 
on X. 

The inverse limit Xbp of {XE}Eee is given the inverse limit uniformity. Thus 
Xbp is equivalent to our space GP{X,xo). The advantage of our description is 
a closer connection to the classical universal cover X and generalized paths of 
Krasinkiewicz-Minc. 

For the same reason the deck group Si {X) of [3] is isomorphic to our fundamental 
uniform group Tri{X,Xo). Again, the advantage of our approach is the connection 
between tti{X, xq) and the fundamental shape group in case of metrizable compact 
spaces X. 

The basic class of uniform spaces for which the approach in [3] works is the 
class of coverable spaces. A uniform space X is coverable if there is a uniformity 
base of entourages E (including X x X) such that the projections Xbp — > Xe 
are surjective. In our language that means for every path a in R{X, E) there is a 
generalized path c = {cp^Fes such that ce is homotopic rel. end-points to a. Thus 
every coverable space is uniformly joinable and our theory of generalized uniform 
covering maps induces most basic results of A natural question arises: 

Problem 7.1. Is every uniformly joinable chain- connected space coverable? 

The relevance of l7.1l is that it would imply a positive answer to Problem 106 of [3] 
for chain-connected spaces (that problem asks if X is coverable provided Xbp X 
is a uniform equivalence). Indeed. 14.61 implies X is uniformly joinable if Xbp — > X 
is a uniform equivalence. 

There are two obvious strategies to solve 17.11 positively: 

a. Given an entourage E of X choose an entourage F C E with the property 
that any pair {x, y) G F can be connected by a generalized path c{x, y) so 
that its i?-term is the edge e{x,y). Try to show Xbp Xp is surjective. 

b. Given an entourage E oi X define G{E) as all pairs (x, y) £ E with the 
property that there are generalized paths c from xo to x and d from xo to 
y such that (c~^ * d)E is homotopic in R{X,E) to the edge e{x,y) (as X 
is uniformly joinable G{E) contains F above and is an entourage). Try to 
show Xbp Xq^e) is surjective. 

Notice Strategy b) is a natural reaction once one realizes Strategy a) fails. 
Let us show two examples negating the above strategies. 

Example 7.2. Consider a regular hexagon with one edge ah of size 1 removed. Let 
E be pairs of distance at most 3 and F are pairs of distance at most 1. 

Proof. To check that any i^-short pair can be connected by the right path 
(notice there is only one path for every pair anyhow) it suffices to prove it for (o, b). 
Let a be the genuine path in X from a to b. We can eliminate first all non-vertex 
points, then all vertices and aE is homotopic in R{X,E) to e{a,b). Here is the 
problem: consider chain xq = a, xi = b in F and suppose there is a generalized 
path a whose _F-term is homotopic to {xq, xi}. There is no way a 1-chain from a to 
b to be 1-homotopic to {xo,Xi} (consider the last point removed prior to arriving 
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at pair {xo,xi}) and such generalized path would produce a chain of that kind. 

□ 

Example 7.3. Consider a regular hexagon with one edge ab of size 1 removed. 
Add the center c of the hexagon plus a vertical regular hexagon with bottom ac 
that we remove. The resulting X and E — {{x,y)\dist{x,y) < 1 = dist(a,b)} have 
the property that (a, b) g G{E) but they cannot be joined by a generalized path in 
X whose G(i?)-term is the edge as {p, c) ^ G{E) for any point p belonging to the 
first hexagon. 

Example 17.21 savs there is an error in 29]. Indeed, in the proof of Proposition 
5 one considers the entourage F* in Xe consisting of pairs of homotopy classes 
of paths (a, 6) such that their end-points x and y satisfy {x,y) S * 6 is 

homotopic rel. end-points to the edge e{x, y), and there are generalized paths c and 
d so that ce — a and dE — b. The entourage G in X = Xbp is defined as pairs 
(c, d) so that (cb, d^) S F* and Proposition 5 claims the projection Xq X is a. 
homeomorphism for all such G. Once that holds the proof of Lemma 6 in j29] gives 
that X -^7r(G) is surjective provided all such defined entourages G form a base 
of entourages of X which is so if X is uniformly joinable. However, 7r(G') (tt being 
the projection from X to X) is exactly F and Example 17.21 shows the projection 
X X^i^Q-^ may not be surjective. 

The best way to explain to a topologist the philosophical difference between 
Bercstovskii-Plaut notion of coverability and our notion of uniform joinability is 
to point out the latter is a C/y-type condition and the former one is the same 
condition replaced by existence of a base where V can be chosen equal to U . In 
Siebenmann's thesis he starts from J/lZ-type conditions and produces an end of a 
manifold. Such an end can be intuitively explained by requiring V = U for some 
base of neighborhoods U of infinity and some UV-ty^e condition. That means an 
answer to 17.11 could be positive but a topologist would be sceptical without adding 
extra conditions on the space X . 

From algebraic point of view uniform joinability corresponds to the Mittag-LefHer 
condition and, for inverse sequences of groups, Mittag-LefHer condition is indeed 
equivalent to existence of an inverse sequence of epimorphisms. That analogy may 
lead to a larger dose of optimism in a positive answer to 17.11 However, one may 
point out that Theorem 7 of p] characterizes coverability of a locally compact 
topological group G as being equivalent to G being connected and locally arcwise 
connected. Thus, 17.11 has a positive answer for locally compact topological groups 
which may be analogous to the Mittag-Leffler condition for inverse sequences of 
groups. 

Summing up: uniform joinability is of a shape-theoretical nature and coverability 
is more of a geometrical nature. 

In [5] (on p. 1751, the paragraph below Theorem 3) the authors mention they do 
not know whether the composition of pro-discrete covers between coverable spaces 
(or uniform spaces in general) is a pro-discrete cover but in the case of topological 
groups it is so. Let us point out an example resolving that question in the negative 
even for discrete covers. 

Example 7.4. Consider the case of subgroups Gi C G2 of a group G^ such that 
G2 is normal in G3, Gi is normal in G2 but Gi is not normal in G3. In case of 
Gi = Z, the group of integers, G2 ~ Z y. Z , and G3 as the HNN-extension of G2 
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that switches the Z-factors, the corresponding space is a Seifert 3-manifold which 
is a locahy trivial fibration over a circle with the fiber homcomorphic to a torus 
such that the monodromy (along the base circle) is a homeomorphism of the fiber 
that switches the meridian and the parallel of the fiber. 

Choose a simplicial complex K with 'tti{K) = G3, create a covering p: L ^ K 
with TTi (L) = G2 and tti [p) realizing inclusion G2 — > G3. Similarly, create a covering 
q: M ^ L with 7ri(A/) = Gi and 'Ki{q) realizing inclusion Gi — > G2. Notice we can 
give L and M structures of simplicial complexes (with resulting uniform structures 
generated by simplicial metrics) so that both p and q are simplicial maps. Obviously, 
p o 5 is a simplicial covering map. However, it cannot be realized as a result of an 
equi-continuous action of any group G on M . Indeed, as Gi is not normal in G3 
there is a loop a in K with two lifts (3 and 7 (originating at different points x and 
y of if, obviously) such that /3 is a loop and 7 is not a loop. Choose g € G so that 
g ■ X — y. Notice g ■ a and 7 are two different lifts of the same loop, a contradiction. 
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